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It is well-known that introductory physics students often have alternative conceptions that are 
inconsistent with established physical principles and concepts. Invoking alternative conceptions 
in quantitative problem-solving process can derail the entire process. In order to help students 
solve quantitative problems involving strong alternative conceptions correctly, appropriate 
scaffolding support can be helpful. The goal of this study is to examine how different scaffolding 
supports involving analogical problem solving influence introductory physics students’ 
performance on a target quantitative problem in a situation where many students’ solution 
process is derailed due to alternative conceptions. Three different scaffolding supports were 
designed and implemented in calculus-based and algebra-based introductory physics courses 
involving 410 students to evaluate the level of scaffolding needed to help students learn from an 
analogical problem that is similar in the underlying principles involved but for which the 
problem solving process is not derailed by alternative conceptions. We found that for the 
quantitative problem involving strong alternative conceptions, simply guiding students to work 
through the solution of the analogical problem first was not enough to help most students discern 
the similarity between the two problems. However, if additional scaffolding supports that 
directly helped students examine and repair their knowledge elements involving alternative 
conceptions were provided, e.g., by guiding students to contemplate related issues and asking 
them to solve the targeted problem on their own first before learning from the analogical 
problem provided, students were more likely to discern the underlying similarities between the 
problems and avoid getting derailed by alternative conceptions when solving the targeted 
problem. We also found that some scaffolding supports were more effective in the calculus-
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based course than in the algebra-based course. This finding emphasizes the fact that appropriate 
scaffolding support which is commensurate with students’ prior knowledge and skills must be 
determined via research in order to be effective.  
I. INTRODUCTION 
Helping students become adept at both quantitative and qualitative problem solving is an 
important goal of many physics courses [1,2]. In order to solve a problem appropriately, students 
must identify the physics concept(s) and principle(s) relevant to the problem, and apply their 
knowledge in an appropriate manner to reach the targeted goal. However, research suggests that 
many students have alternative conceptions in physics that are different from the scientifically 
established ones [3-9]. These conceptions may come from students’ interpretation of their past 
experiences [10], and they can influence students’ learning of the scientifically established 
concepts. Prior research has shown that some alternative conceptions are so robust that many 
students still hold the same conceptions after traditional instruction which may not give students 
an opportunity to examine, repair and build a good knowledge structure [11]. As a result, 
students may have a fragmented knowledge structure in which both the alternative conceptions 
and the scientifically established conceptions that students learn in their physics classes coexist 
[8,12]. However, students may not necessarily notice the conflicts between them. While solving 
problems, students may use different problem solving approaches to solve problems that are 
considered very similar by experts based upon deep features, depending on the knowledge 
elements that were perceived to be relevant in a given context by the student [13-17]. If 
alternative conceptions are invoked while solving a problem, students are likely to use a problem 
solving approach involving physics principles and concepts not appropriate in the given situation. 
In order to help students solve problems involving alternative conceptions, additional 
instructional scaffolding supports may be useful. While the research literature on alternative 
conceptions has researchers expressing somewhat different views [15,18-30] including how the 
details of conceptual change processes occur [8,12,15,21,27,29-36], most instructional strategies 
developed to facilitate conceptual change involve helping students recognize existing 
conceptions (e.g., by making students aware of the inconsistencies or conflict associated with 
their conceptions and physics concepts) and guiding them through a series of activities to reflect 
on, refine, and reorganize their knowledge elements [20,37-42]. This study builds on 
3 
 
instructional strategies suggested by these lines of research and investigates how different 
scaffolding supports involving analogical problem solving impact introductory physics students’ 
quantitative problem solving performance in a situation involving strong alternative conceptions. 
The level of scaffolding support needed to assist students in solving the quantitative problem will 
be explored.  
We have chosen analogical problem solving [43-48] as the framework for instructional 
scaffolding used in this study for several reasons. First, analogy has long been a strategy adopted 
by many instructors in the classrooms. With the help of analogies, students can blend in 
knowledge from situations that they are already familiar with to construct understanding in a new, 
unfamiliar situation [11,49]. It is also common for students to solve a new problem by drawing 
analogy with problems they already know how to solve and applying similar reasoning strategies 
from one problem to another. Moreover, we hypothesize that through careful design, the analogy 
between two problems can be used to help students discern the inconsistency between their 
alternative conceptions and the scientifically established conceptions, which can be useful for 
fostering a conceptual change [8,27,31]. For example, if students are presented with two 
problems, both of which can be solved using the same principles of physics but one problem 
(problem A) involves a situation in which students are likely to use their alternative conceptions 
to solve the problem while the other (problem B) does not, students can be guided to explore two 
possible ways to solve problem A: one derived from the similarity between the two problems, 
and the other based on their alternative notion. The conflict found between these two possible 
solutions can be used to guide students to evaluate their alternative conceptions while solving the 
quantitative problem and to contemplate whether those conceptions are applicable in the given 
context. We hypothesize that if students realize that the conceptions they initially thought were 
valid in a context are not appropriate in that situation, the similarities between the analogical 
problems can be used to help them reorganize and repair their knowledge structure.  
We note that if introductory students are guided to explore their alternative conceptions in 
depth, they may also be able to discern incoherence in their reasoning of problem A without the 
use of an analogical problem involving the same underlying physics principle that does not 
involve such conceptions (problem B). However, it is unlikely that students would use a different 
conception (and not use their alternative conceptions) to solve problem A unless they are 
4 
 
provided appropriate guidance and support to explore a new way of solving it that focuses on 
helping them re-examine and repair their relevant knowledge structure. Providing students with 
the analogical problem B at this point can be one strategy to help them discern a different way to 
approach problem A, and increase the likelihood for students solving problem A successfully. 
Such strategies are also aligned with Brown and Clements’ suggestion of how “bridging 
analogies” [11] may be used to foster the application of a concept in the targeted situation which 
may involve an alternative conception. In particular, Brown and Clement suggest that by starting 
with an anchoring example (for which students’ conception is aligned with the scientifically 
established concepts), analogies can be used to gradually “bridge” students’ conception from the 
anchoring example to the targeted situation. Problem B in the strategies described above could 
play a similar role to the anchoring example in helping students re-craft their approaches to 
solving problem A and re-examine and repair their knowledge structure. As prior research efforts 
have found mixed success in the use of analogy [11,50-54], it is important to study the level of 
scaffolding needed to help students successfully solve the targeted problem, especially when 
strong alternative conceptions are involved.  This paper describes an investigation along these 
lines in a quantitative problem solving task and examines the effect of different scaffolding 
supports provided to students.            
In the following subsection of the introduction, we introduce the quantitative problem used in 
this investigation and students’ common alternative conception related to this problem. Results 
from previous studies that shed light on the current investigation is also summarized.   
 
A. Students’ alternative conception related to the quantitative problem posed 
 
Figure 1 shows the quantitative problem used in this study, which is about a car at rest on an 
inclined plane. Students are asked to solve for the frictional force acting on the car. Prior 
research suggests that many students have the conception that the magnitude of the static 
frictional force (𝑓𝑠) is always equal to its maximum value, the coefficient of static friction (𝜇𝑠) 
times the magnitude of normal force (𝐹𝑁) [55]. Students often rely on this conception when they 
are asked to solve for the frictional force acting on an object held at rest. However, this 
conception is not valid in problems such as the one shown in Figure 1 because the maximum 
value of static friction exceeds the actual frictional force needed to hold the object at rest. The 
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process of correctly solving the problem shown in Figure 1 involves using Newton’s 2nd Law and 
realizing that the static frictional force is equal to mg cos 30o, the component of gravitational 
force parallel to the surface of the inclined plane. Substituting the values given in the problem, 
the correct magnitude of the frictional force is 7500 N. However, if students calculate the static 
frictional force using 𝑓𝑠 = 𝜇𝑠𝐹𝑁 , they will arrive at 𝑓𝑠 = 11691 N, which is greater than the 
actual magnitude of the frictional force. A previous study [55] shows that when the same friction 
problem was given to a group of introductory physics students in a multiple-choice format, only 
20% of the students selected the correct answer. About 40% of the students selected an incorrect 
response corresponding to  𝑓𝑠 = 𝜇𝑠𝐹𝑁. On the other hand, when a similar problem (shown in 
Figure 2) involving tension instead of friction was given to students, 72% of the students were 
able to solve for the tension force correctly by using Newton’s Second law [55]. This study 
suggests that the difficulty many students have with the friction problem does not result from a 
lack of procedural facility with Newton’s 2nd law, which, for both the tension and friction 
problems suggests that the net force acting on an object should be zero when it is at rest, or from 
an inability to decompose forces correctly. Rather, the difficulty often comes from students’ 
alternative conception about friction, which hinders their ability to solve the friction problem 
(Figure 1) by applying Newton’s 2nd Law in the direction parallel to the inclined plane.  
 
Figure 1. Friction problem used in the study 
 
Figure 2. Tension problem (the analogical problem) 
 
B.   Results from previous studies that shed light on the current study  
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Since prior research suggests that many students are able to solve the tension problem 
(Figure 2) correctly, it is possible that using the tension problem as a scaffolding support can 
help students solve the friction problem correctly if they are guided to perform analogical 
problem solving between these two problems. One question that has been explored in prior 
studies is whether the tension problem alone is enough to improve students’ performance on the 
friction problem, or whether other scaffolding supports are needed for students to examine and 
repair their knowledge structure and help them solve the friction problem (in which many 
students do not apply Newton’s 2nd Law along the direction parallel to the inclined plane to solve 
the problem). As suggested by prior studies [55,56], simply providing two problems as a pair 
(e.g., by posing them back to back) does not help students much because such intervention are 
too implicit and students do not necessarily discern the connection between the two problems. 
Moreover, students’ alternative conception of static friction may deter analogical reasoning and 
prevent transfer of knowledge between these two problems. In particular, the problem solving 
process of some students suggested that even if students obtained the correct numerical value for 
static frictional force, they still held the alternative conception about friction [56]. For example, a 
student attempted to solve for static frictional force by (1) first setting up an equation: 𝜇𝑠𝐹𝑁 −
𝑚𝑔 cos 30𝑜 = 0, (2) plugging in values for 𝜇𝑠 and 𝑚𝑔 cos 30
𝑜 to the equation above to solve for 
the value of 𝐹𝑁, and (3) using the values of 𝜇𝑠 𝑎𝑛𝑑 𝐹𝑁 to solve for the frictional force. We note 
that although this student obtained the correct numerical value for static frictional force, he had 
obtained an incorrect numerical value for the normal force. Overall, the prior studies suggest that 
simply pairing problems and expecting students to perform analogical problem solving between 
the problem pair was not very effective in helping students repair their knowledge structure and 
solve problems involving alternative conceptions correctly. More scaffolding supports are 
required to help students process through the analogy between the two problems deeply and to 
examine the applicability of their alternative conception in the given situation.  
In light of these prior studies [55,56], three different interventions were designed in this study 
to provide students with additional support and to investigate the level(s) of scaffolding needed 
to help students solve the friction problem appropriately. We discuss the designs of these 
interventions in the Methodology section, and report the findings in the Results and Discussion 
section. 
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II. METHODOLOGY 
 
A. In-class study 
To evaluate the effect of different scaffolding supports in helping students solve a problem 
involving a strong alternative conception, the friction problem (shown in Figure 1) with different 
scaffolding supports was implemented in two introductory physics courses in a recitation quiz 
setting. One hundred and eighty three students from a calculus-based introductory mechanics 
course and 227 students from an algebra-based introductory mechanics course were involved in 
this study. The study was implemented in each course after the concepts of force equilibrium and 
frictional forces had been discussed in the lecture. Although the instructor for the calculus-based 
course was different from the instructor for the algebra-based course, both instructors 
emphasized the inequality of static friction in their classes. For example, the instructor for the 
algebra-based course demonstrated the inequality with an inclined plane demonstration in which 
the angle of inclination could vary until the block on the incline started sliding, and the instructor 
for the calculus-based course discussed the inequality using an example of a block on a 
horizontal surface, and explained how the magnitude of the frictional force and the motion of the 
block are impacted if the applied force on the block is linearly increased from zero. 
 The exact time of the implementation was determined by each instructor based on how they 
believed the quiz in this study best fit their course schedule. In the calculus-based course, the 
study was implemented as a quiz after the topic of frictional force was discussed in lectures and 
students submitted their homework on this topic but before an exam on relevant topic took place. 
In the algebra-based course, since part of the lecture about frictional force was completed in the 
week right before a midterm exam (that midterm exam included frictional force), the problem in 
this study was given as a quiz that took place in the week right after the midterm exam. Since 
problems about frictional force were included in the midterm exam, the concepts related to 
friction would still be fresh in students’ minds when they took the recitation quiz one week later.  
To evaluate the effects of different interventions, in each course, students were divided into 
four groups – one comparison group and three intervention groups - based on different recitation 
classes. Investigation of student performances on the Force Concept Inventory (FCI) [57] 
administered at the beginning of the semester and their scores on the final exam suggested that in 
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each course, students in all four groups were comparable on these measures. There was no 
statistically significant difference between different groups in terms of the FCI scores or the 
scores on the final exam.  
Students in the comparison group were asked to solve the friction problem in a quiz on their 
own. No tension problem or any other scaffolding support was provided. Examining the 
performance of this group of students can help us understand what students in this population 
can accomplish when no scaffolding support is provided. Students in the three intervention 
groups received the tension problem (shown in Figure 2) and its solution to help them solve the 
friction problem. They were instructed to learn from the solution of the tension problem provided 
to them, draw an analogy between the tension and friction problems by explicitly pointing out 
the similarities between them, and write down how they can take advantage of the tension 
problem provided to solve the friction problem. In addition to these instructions, different 
additional scaffolding supports were implemented in different intervention groups to help 
students process through the analogy deeply and/or to contemplate the applicability of 
associating the static frictional force with its maximum value. A summary of the different 
scaffolding supports implemented in each intervention group is presented in Table 1.  
Before describing the details of each intervention, we note that different types and levels of 
scaffolding supports were chosen so that the effects of different potentially helpful interventions 
can be investigated. These interventions were designed based upon a cognitive task analysis 
[58,59] from an expert perspective in which experts reflect on their own underlying thought 
processes when reasoning about friction and the difficulties that were identified in the previous 
studies about why novices struggle to solve the problem. There is more than one difference 
between the scaffolding supports provided in different interventions, because it is not clear a 
priori what scaffolding supports would be effective, and we wanted to explore a set of 
scaffolding supports that potentially could be helpful. Although there are other promising 
scaffolding supports, we had to select only three for the three recitation classes. Further 
hypothesis for why the researchers decided that the three interventions selected could potentially 
be beneficial is given later when describing each intervention. We also note that since the prior 
studies suggest that students may use Newton’s 2nd Law in the direction parallel to the inclined 
plane to solve for friction while simultaneously claiming that 𝑓𝑠 = 𝜇𝑠𝐹𝑁 is valid [56], in order to 
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better explore students’ reasoning difficulties about static frictional force, students in our current 
study were explicitly asked to solve for both (1) the static friction and (2) the normal force in the 
friction problem.  
 
Table 1. Summary of different interventions used in the study. The time1 provided to students to complete 
each task is included in the parentheses. We note that students in all groups had enough time to complete the 
task. 
 group  Students were asked to…. 
Comparison 
group (No 
intervention) 
Solve the friction problem (problem involving an alternative 
conception) on their own in 15 minutes. No scaffolding support is 
provided. 
Intervention 
group 1 
(a)  First learn from the tension problem (i.e., the analogical 
problem that does not involve the alternative conception) whose 
solution was provided (10 minutes) 
(b) Return the solution to the tension problem  
(c)  Solve both the tension problem and friction problem (20 
minutes) 
Intervention 
group 2 
(a) First solve the friction problem on their own. Students were also 
asked to predict whether the static frictional force should be 
larger or smaller if the same car is at rest on a steeper incline, 
and to compare their calculation with their prediction. (10 
minutes) 
(b)  Learn from the solution to the tension problem 
and redo the friction problem a second time (with the solved 
tension problem in their possession) (20 minutes) 
Intervention 
group 3 
Learn from the solution to the tension problem and then solve the 
friction problem (with the solved tension problem in their 
possession). Students were also asked to explain the meaning of the 
inequality in 𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁 (25 minutes) 
 
    
1. Details of the different scaffolding supports used in three different intervention groups 
 
In order for the analogical problem solving activity to successfully help student solve the 
friction problem, students must understand that solving the tension problem involves the same 
                                                 
1 The time provided in each group was determined using the following guidelines: (a) Our prior experiences suggested that students were 
generally able to complete the tension problem or the friction problem within a 10-minute quiz, and many of them did not need the full 10-minute 
period to work on it. Based on these prior experiences, at least 10 minutes were given to students for each of the following: solve the tension 
problem, solve the friction problem, or learn from the solution to the tension problem (b) Due to the length of the recitation classes, the quiz 
should be kept within 30 minutes long. If the time for the entire quiz did not exceed this limit, another 5 minutes were added to the corresponding 
intervention group so that students could have more time to work on the task if they want to 
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underlying physics principle (i.e., Newton’s 2nd Law) as the friction problem, and that these two 
problems can be solved using a similar approach. All of the different scaffolding supports used in 
the three interventions were designed with the intention to facilitate this process. 
In particular, students in the intervention group 1 were asked to take ten minutes to learn 
from the solution to the tension problem provided to them before they received the friction 
problem. They were explicitly told at the beginning of the task that after ten minutes, they had to 
return the solution to the instructor, and then they would be given two problems to solve: one of 
them would be the exact same problem they just browsed over (i.e., the tension problem), and the 
other one would be similar (i.e., the friction problem). We hypothesized that by asking students 
to display how to solve the tension problem again on their own, they will process through the 
concepts they learned from the tension problem in more depth than those in the prior study [56]. 
Moreover, solving the tension problem on their own again may prime students to apply a similar 
approach later when solving the friction problem. For example, if students adopt the problem 
solving approach used in the solved problem and set up both problems by drawing the free-body 
diagrams first, they may be more likely to realize that these two problems have the same free-
body diagram, and that the friction in one problem should have the same magnitude as the 
tension in the other problem. We note that intervention 1 focused on the use of similarities 
between the tension problem and target problem to foster the appropriate problem solving 
approach without explicitly providing scaffolding to help students examine and repair their 
fragmented knowledge involving alternative conception. Since this intervention did not directly 
focus students’ attention on the alternative conception they commonly have in this context, 
students were expected to recognize the conflict between their alternative conception and the 
implication of the problem similarities on their own. Examination of student performance in this 
group can help us understand what students are able to achieve with this level of scaffolding 
provided. 
Unlike intervention 1, interventions 2 and 3 were designed to address students’ alternative 
conceptions about the static frictional force in a more direct manner by providing them with 
additional scaffolding tasks that may help them recognize the incoherence in their approach 
involving alternative conception. In particular, students in intervention 2 were asked to make a 
qualitative prediction about the magnitude of the static frictional force (whether it’s larger or 
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smaller) when the same car is at rest on a steeper inclined plane (with the same static coefficient 
of friction) based on their daily experience. They were also explicitly instructed to quantitatively 
calculate the magnitudes of the frictional force acting on the car with two different degrees of 
inclination and compare their quantitative result with their qualitative prediction to check for 
consistency. Our hypothesis based upon a cognitive task analysis from an expert perspective was 
that students could reason from their daily experience that it’s more difficult to stand still on a 
steeper inclined plane; therefore, a larger frictional force would be required in order for the same 
car to stay at rest on a steeper incline. However, if a student used 𝑓𝑠 = 𝜇𝑠𝐹𝑁 = 𝜇𝑠𝑚𝑔 𝑐𝑜𝑠 𝜃 
(where 𝜃 is the angle of inclination) to calculate the magnitude of the frictional force, there 
would be a conflict because as the degree of inclination increases, the normal force decreases, 
making the frictional force calculated in this manner smaller. We hypothesized that if students 
notice this conflict but do not know how to resolve it on their own, the similarities between the 
tension problem and the friction problem (together with the solution to the tension problem 
provided) can help students recognize a new approach to solve the friction problem (i.e., using 
Newton’s 2nd law along the direction parallel to the plane). We also hypothesized that if students 
are asked to solve the friction problem and contemplate those additional questions in this 
intervention first before the tension problem with its solution is provided, students would be 
more likely to notice the deficiency in their conceptions about static friction. After recognizing 
the conflict, they may pay more attention to the similarities between the problems and benefit 
more from the tension problem provided to repair their knowledge structure and solve the 
friction problem correctly. Therefore, students who received intervention 2 were asked to take 
the first 10 minutes to solve the friction problem set (which, in addition to the original friction 
problem, included sub-problems asking for a qualitative prediction and a quantitative calculation 
of the magnitude of fs on a steeper incline as well as a consistency check) on their own before the 
solved tension problem was provided as a scaffolding tool. After students completed the problem 
set the first time, they turned in their first solution to the instructor, and then they were given the 
tension problem with its solution. With the solved tension problem in their possession, they were 
asked to learn from the tension problem and solve the friction problem set (again the extra sub-
problems are included) a second time. The design of scaffolding support in this intervention was 
inspired by cognitive theory [8,12,60,61] which suggests that cognitive conflict can be useful for 
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helping students learn concepts, examine and repair their knowledge structure and build a better 
understanding. The complete instructional materials used in intervention group 2 can be found in 
the auxiliary materials.  
A different scaffolding support aimed at guiding students to examine the applicability of the 
relation 𝑓𝑠 = 𝜇𝑠𝐹𝑁  was implemented in intervention 3. Students who received intervention 3 
were provided with the solved tension problem along with the friction problem. In addition to the 
instruction asking them to discuss the similarity between the two problems before solving for the 
frictional force, they were also asked to explain the meaning of the inequality in 𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁 and 
discuss whether they can find the frictional force on the car in the friction problem without 
knowing 𝜇𝑠. Based upon a cognitive task analysis, we intended that this additional scaffolding by 
questioning may provide a direct hint to students to resolve the “conflict” if they are able to 
recognize the similar roles played by the tension and the friction in these problems but are 
concerned about the fact that the equation 𝑓𝑠 = 𝜇𝑠𝐹𝑁 does not yield an answer for friction which 
has the same magnitude as the tension. In order to increase the possibility of students discerning 
this discrepancy between the free-body diagram and 𝑓𝑠 = 𝜇𝑠𝐹𝑁 they used for static friction, after 
solving for the frictional force, the last part of the quiz explicitly asked students to solve for the 
magnitude of the normal force “using the component of force perpendicular to the inclined plane” 
(and check that the calculated normal force is consistent with what they obtained previously if 
the normal force was used to solve for friction). We hypothesized that if the students used 
convoluted reasoning as discussed earlier [56] and set 𝑚𝑔 𝑠𝑖𝑛 𝜃 − 𝑓𝑠 = 𝑚𝑔 𝑠𝑖𝑛 𝜃 − 𝜇𝑠𝐹𝑁 = 0 
when solving for friction, this additional hint and instruction provided may scaffold the problem 
solving process and help them repair their knowledge structure.     
 
2. Rubric 
To evaluate how the scaffolding supports affect student performance on the friction problem, 
the problem was graded using a rubric developed iteratively by deliberation between the two 
researchers. When two researchers scored independently a sample of at least 10% of the students 
using the final version of the rubric, an inter-rater reliability of more than 90% was achieved. For 
intervention group 2, in which students were asked to calculate the magnitude of friction with 
different angles of inclination, in the few cases for which there was a discrepancy between the 
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two calculations performed by a student, the score was assigned based on the 30 degree case, 
which is the same as the grading of the students in the other intervention groups.  
Table 2 summarizes the rubric used to score students’ performance in calculating the friction 
force, which had a full score of 10 points. The rubric was constructed based on students’ 
different problem solving approaches and their common mistakes. Different approaches were 
assigned different maximum scores because they represented different levels of understanding. 
For example, the maximum score a student could receive if she/he correctly used Newton’s 2nd 
Law in the equilibrium situation (∑ 𝐹 = 0) in the direction parallel to the inclined plane was 10 
points, while a student who used 𝑓𝑠 = 𝜇𝑠𝐹𝑁 to solve for friction could earn a maximum score of 
only 5 points. If the students used ∑ 𝐹 = 0 in the direction parallel to the inclined plane and 
came up with the correct value (𝑓𝑠 = 𝑚𝑔 𝑠𝑖𝑛 𝜃) for the calculation of friction, but their answers 
to other part(s) of the problem indicated that they still related the static friction with its maximum 
value (for example, first finding 𝑓𝑠 = 𝑚𝑔 𝑠𝑖𝑛 𝜃 correctly but then incorrectly using 𝑓𝑠 = 𝜇𝑠𝐹𝑁 to 
solve for the normal force in the next sub-problem), they were classified as having the same 
alternative notion as students using the 𝑓𝑠 = 𝜇𝑠𝐹𝑁 approach and the maximum score they could 
receive was 5 points. In other words, when grading student performance, the researchers first 
determined which category a student’s solution fell into. If the equation 𝑓𝑠 = 𝜇𝑠𝐹𝑁 was employed 
in any part of the solution and there was no clear indication of the inapplicability of this equation 
in the given situation, then students were classified under the “𝑓𝑠 = 𝜇𝑠𝐹𝑁" approach category 
with a maximum score of 5 points. These students would get a score of "5 minus whatever points 
they should be taken off due to other mistakes (such as those common mistakes listed in Table 
2)". If a student’s solution fell into the "∑ 𝐹 = 0 in the direction parallel to the inclined plane" 
category, she would get a score of "10 minus whatever points were taken off due to other 
mistakes listed in Table 2". The researchers never used both part 1 and part 2 of the rubric to 
grade the same student.  
Under each approach, the common mistakes students made and the corresponding points 
taken off are listed in the rubric. For example, students lost point(s) for decomposing the force 
incorrectly or for confusing weight with mass. We note that the common mistakes listed in Table 
2 that students typically made were similar across different approach categories. Each student 
was penalized only once for each type of mistake made. In addition to the final scores students 
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received based on the rubric, the percentages of students who adopted a particular problem 
solving approach in different intervention groups were also recorded by researchers for analysis.  
 
Table 2. Summary of the rubric used to score students’ performance in calculating the frictional force. 
 
B. Out-of-class study: Interviews 
In addition to 410 students from two introductory physics courses who participated in the 
study in a recitation quiz, ten additional introductory physics students from other equivalent 
introductory physics classes were recruited for semi-structured interviews. They were invited to 
participate in a one-on-one interview session in which they were asked to solve the problem with 
Problem solving 
approach 
Maximum 
score 
Common mistakes   (Points taken off) 
Using ∑ 𝐹 = 0 
(i.e. 𝑓𝑠 −
𝑚𝑔 sin 𝜃 = 0) 
10 
* Minor mistake in the force decomposition such as 
confusing sine with cosine and ending up with 
 𝑓𝑠 = 𝑚𝑔 𝑐𝑜𝑠 𝜃  (-1) 
* More serious mistake in the force decomposition such as 
treating mg as the component of a force 𝑓𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙,𝑑𝑜𝑤𝑛 that 
should cancel 𝑓𝑠 (instead of treating 𝑓𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙,𝑑𝑜𝑤𝑛  as the 
component of  mg) and ending up with 
 𝑓𝑠 = 𝑚𝑔/  𝑠𝑖𝑛 𝜃 (-2) 
* Confused weight with mass and multiplied the weight by 
an additional g=9.8m/s2  (-1) 
𝑓𝑠 = 𝜇𝑠𝐹𝑁 5 * Minor mistake in the force decomposition such as 
confusing sine with cosine and ending up with 
 𝐹𝑁 = 𝑚𝑔 𝑠𝑖𝑛 𝜃  (-1) 
* More serious mistake in the force decomposition such as 
thinking 𝐹𝑁 = mg  (-2) 
* Confused weight with mass and multiplied the weight by 
an additional g=9.8m/s2  (-1) 
𝑓𝑘 = 𝜇𝑘𝐹𝑁 3 or 4 
Combined 𝜇𝑠 and 
𝜇𝑘(e.g. 𝑓𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 =
𝜇𝑠𝐹𝑁 + 𝜇𝑘𝐹𝑁) 
2 
𝑓𝑠 = 𝜇𝑠𝐹𝑁 − 𝑚𝑔 𝑠𝑖𝑛 𝜃 2 
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one of the interventions used in the quiz study while thinking aloud. They were not disturbed 
during this task except being asked to talk aloud if they became quiet for a while. After they 
completed the task to the best of their ability, the interviewer asked them for clarification of 
points they had not made clear earlier to understand the cognitive mechanism involved in 
problem solving. Moreover, if they had not been able to solve the friction problem correctly with 
the scaffolding provided, the researcher would then provide additional support to the students in 
order to help them solve the problem correctly. The goal of the interview part of the study was to 
help us better understand students’ thought processes while solving the problem including their  
reasoning related to 𝑓𝑠 = 𝜇𝑠𝐹𝑁, and to examine additional scaffolding students may need (if any) 
to help them solve the problem successfully. The details of the interviews will be discussed in 
Section III.B.  
Before proceeding to the results section, we suggest that the readers look through the 
scaffolding materials provided in the auxiliary materials and make a prediction about the effects 
of scaffolding support in each intervention. 
 
III. RESULTS AND DISCUSSION 
 
A. Data obtained from recitation quizzes in introductory physics courses 
 
1. Students in the intervention groups generally performed better than those in the 
comparison group. Also, some interventions were more helpful than others.   
Table 3 presents students’ average scores on the friction problem in the calculus-based and 
algebra-based courses. The p-values for the comparison of students’ performance between 
different groups are listed in Table 4. Table 3 and Table 4 indicate that in both courses, students 
who received the scaffolding supports significantly outperformed (with p-values less than 0.05) 
the comparison group students who did not received scaffolding support, except for the calculus-
based intervention group 1 students whose performance was not better enough to be significantly 
different from the corresponding comparison group (p=0.06). Comparing the effects of different 
interventions in our study, we found that in the calculus-based course, the scaffolding supports of 
interventions 2 and 3 appeared to help students perform slightly better than intervention 1 
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(although not necessarily statistically different). Students in the intervention groups 2 and 3 on 
average achieved a score of 7.2 or 7.1 out of 10, while students in the intervention group 1 had 
an average score of 5.9. In the algebra-based course, the p-values show that intervention group 2 
students, who achieved an average score of 6.8, performed significantly better than students in 
intervention groups 1 and 3, whose average scores were 5.1 and 5.0, respectively. There was no 
significant difference between the latter two groups. Combining the data from these two courses, 
we found that intervention 2 appears to always be one of the most effective interventions for both 
algebra- and calculus-based students. 
Table 3. Students’ average scores for magnitude of friction (out of 10 points) in the calculus-based and 
algebra-based courses. The numbers of students in the comparison (Comp) group and each of the three 
intervention (Intv) groups are shown in parentheses. In the intervention group 2, students’ performance both 
before and after they received the scaffolding was examined and the average normalized gain2 was calculated.  
 
 
 
 
 
Table 4. The p values (from ANOVA) for the comparison of students’ performance on the friction problem 
between different groups in the calculus-based and algebra-based courses.3 The algebra-based course is 
indicated by the shaded background.  
 Comparison Intervention 1 Intervention 2 Intervention 3 
Comparison -- 0.060 0.000 0.000 
Intervention 1 0.005 -- 0.057 0.112 
Intervention 2 0.000 0.009 -- 0.904 
Intervention 3 0.006 0.878 0.006 -- 
 
                                                 
2 The normalized gain is defined by the change in the score divided by the maximum possible score for improvement. 
3 Since the scores students received were influenced by the point deduction for the common mistakes shown in the rubric, the comparison group 
may potentially have a disadvantage because this group did not receive the solution to the tension problem, which included some hints that may 
help prevent these mistakes. However, we have also compared the scores between different intervention groups when students were NOT 
penalized for making these common mistakes. The results indicate that while the averages score of the comparison group increased slightly more 
than those of the intervention groups, and the p values obtained from the statistical analysis have changed, the qualitative trends of statistical 
significance (i.e., whether students in group A performed significantly better than students in group B) remain the same as what is shown in table 
4. 
 Comp Intv 1 
Intv 2 
Intv 3 
Before After 
Normalized 
gain 
Calculus 4.4 (38) 5.9 (34) 4.3 7.2 (72) 0.51 7.1 (39) 
Algebra 3.1 (47) 5.1 (63) 4.0 6.8 (51) 0.47 5.0 (66) 
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In order to investigate in-depth how the scaffolding support provided affected student 
performance, students’ solutions to the friction problem were binned into categories based on 
their problem solving approach. Table 5 and Table 6 list students’ different approaches for 
finding the frictional force and the corresponding percentage of students in each group in the 
calculus-based and algebra-based course, respectively. The p-values, which compare the 
difference between the number of students in the intervention groups and comparison groups 
who adopted different problem solving approaches, are presented in Table 7. As discussed 
previously, one common mistake students made was to first find the normal force by using 
Newton’s 2nd Law in the equilibrium situation and then using 𝑓𝑠 = 𝜇𝑠𝐹𝑁  to solve for the 
frictional force. We note that if the students’ magnitude of the frictional force was correct but the 
overall performance on the whole quiz indicated that they were still connecting the static friction 
to its maximum value (for example, by using 𝑓𝑠 = 𝜇𝑠𝐹𝑁 to solve for the normal force in the next 
sub-problem after finding 𝑓𝑠  correctly), they were classified in the 2
nd category of solution 
approaches (𝑓𝑠 = 𝜇𝑠𝐹𝑁) in Tables 5 to 7.  As students’ alternative approaches to the friction 
problem were not limited exclusively to 𝑓𝑠 = 𝜇𝑠𝐹𝑁, a third category named “other” was created. 
For example, five percent of the students confused the static friction with the kinetic friction and 
used 𝜇𝑘  instead of 𝜇𝑠  to solve the problem and twelve percent of the students erroneously 
combined 𝜇𝑠 and 𝜇𝑘 together and came up with an answer such as 𝑓𝑠 = 𝜇𝑠𝐹𝑁 + 𝜇𝑘𝐹𝑁. All these 
different approaches were placed in the “other” category in Tables 5 through 7.  
Table 5 and Table 6 show that in all intervention groups, the percentages of students who 
correctly used Newton’s 2nd Law in the equilibrium situation to solve for static friction without 
connecting it to its maximum value were higher than those in the comparison groups in both the 
calculus- and algebra-based courses.  With the interventions provided, the percentage of students 
who solved the problem correctly increased from 21% to an average of 51% in the calculus-
based course, and from 15% to an average of 39% in the algebra-based course. Among all the 
scaffolding supports provided, interventions 2 and 3 both provided effective scaffolding in 
helping calculus-based students solve the static friction problem correctly, while the most 
effective intervention in the algebra-based course was intervention 2. The percentages of 
students who correctly used Newton’s 2nd Law in the direction parallel to the inclined plane to 
solve for frictional force in these three intervention groups were more than two times higher than 
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that for the comparison group in the corresponding course. This result is consistent with the 
average scores in Table 3. We note that the increase in the percentage of students who solved the 
friction problem correctly would be accompanied by the decrease of the percentage of students 
who used either 𝑓𝑠 = 𝜇𝑠𝐹𝑁 or other approaches. Comparing the percentages of students in the 
“𝑓𝑠 = 𝜇𝑠𝐹𝑁” category in particular, however, we found that only intervention group 2 in the 
algebra-based course showed a significant decrease from the comparison group. Although the 
percentages in the calculus-based intervention groups 2 and 3 also decreased by more than 10%, 
these differences from the comparison group were not large enough to be statistically significant 
for the number of students in each group. In the intervention group 1 in both courses and the 
intervention group 3 in the algebra-based course, the percentages of students using the “𝑓𝑠 =
𝜇𝑠𝐹𝑁” approach were very similar to that in the corresponding comparison group. These findings 
suggest that while the three interventions provided may have helped improve student 
performance on the friction problem to some extent, overall, a significant component of the 
improvement was likely due the fact that for those students who would otherwise had great 
difficulty identifying information relevant for solving for static friction when no scaffolding was 
provided, the intervention gave them more clues about how to construct the solution to the 
friction problem (and therefore the percentages of students in the “other” group was reduced as 
shown in Table 5 and Table 6). However, in many groups, the use of 𝑓𝑠 = 𝜇𝑠𝐹𝑁 to solve the 
friction problem was still common. Overall, Table 3 to Table 7 suggest the following:  
(1) Intervention 2 was always among the most effective intervention for students in both algebra-
based and calculus-based courses, while intervention 1 was always among the least effective  
(2) Intervention 3 worked better for the students in the calculus-based course than the algebra-
based course 
(3) Even in intervention groups that are more effective (e.g., intervention 2 in both courses and 
intervention 3 in the calculus-based course), not all students benefited equally from the 
scaffolding support provided and not all of them were able to solve the friction problem correctly 
as intended.  
Next, we will explore students’ responses to different additional tasks/scaffoldings contained in 
each intervention in order to gain more insight into cases in which these interventions worked or 
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did not work, and to investigate possible ways to improve student performance on the friction 
problem involving an alternative conception.  
 
Table 5. Percentage of students in each group who used particular problem solving approaches in the 
calculus-based course. The average score obtained by students in each group is also listed in the parentheses 
for reference. 
 Percentage of Students 
 Comp Intv 1 
Intv 2 
Intv 3 
Pre post 
Correct use of Newton’s 2nd Law 
(i.e. 𝑓𝑠 − 𝑚𝑔 sin 𝜃 = 0) 
21.1% 
(9.3) 
38.2% 
(9.5) 
23.6%
(9.2) 
56.9% 
(9.8) 
56.4% 
(10.0) 
𝑓𝑠 = μsFN 
42.1% 
(4.2) 
38.2% 
(4.8) 
43.1%
(4.4) 
25.0% 
(4.8) 
30.8% 
(4.9) 
Other 
36.8% 
(1.6) 
23.5% 
(1.8) 
33.3%
(0.8) 
18.1% 
(2.3) 
12.8% 
(0.0) 
 
Table 6. Percentage of students in each group who used particular problem solving approaches in the 
algebra-based course. The average score obtained by students in each group is also listed in the parentheses 
for reference. 
 Percentage of Students 
 comp Intv 1 
Intv 2 
Intv 3 
Pre post 
Correct use of Newton’s 2nd Law 
(i.e. 𝑓𝑠 − 𝑚𝑔 sin 𝜃 = 0) 
14.9% 
(9.0) 
30.2% 
(9.9) 
19.6% 
(9.5) 
60.8% 
(9.6) 
27.3% 
(9.8) 
𝑓𝑠 = μsFN 
34.0% 
(3.9) 
36.5% 
(4.4) 
41.2% 
(4.3) 
15.7% 
(4.4) 
39.4% 
(4.6) 
Other 
51.1% 
(0.9) 
33.3% 
(1.4) 
39.2% 
(1.0) 
23.5% 
(1.1) 
33.3% 
(1.5) 
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Table 7. P-values (using the Chi-square tests) for the comparison of the number of students who used various 
problem solving approaches in different groups. The differences that are significant are indicated by the 
asterisk (*). The pound symbol (#) indicates a marginally significant difference with a p-value between  0.05 to 
0.10.  
 
 
2. Intervention 1: Simply guiding students to work through the solution of the analogical 
problem was less effective than other approaches in helping most students 
 
As shown in Table 5 and Table 6, intervention 1 was less successful in helping students solve 
the friction problem correctly compared to intervention 2 (in both courses) and intervention 3 (in 
the calculus-based course). Students in intervention group 1 were asked to learn from the tension 
problem, and reproduce the solution to the tension problem before solving the friction problem. 
In order to understand if students were able to make sense of the tension problem provided and 
to explore where student difficulties originate from, students’ ability to reproduce the solution to 
the tension problem was scored using the same rubric that was used for scoring the friction 
problem (with focus only on the part associated with “using ∑ 𝐹 = 0” approach in Table 2, since 
the other problem solving approaches do not apply in the tension problem.) Table 8 shows 
 
Comparison 
vs. 
intervention 1 
Comparison 
vs. 
intervention 2 
Comparison 
vs. 
intervention 3 
Calculus 
Correct use of Newton’s 
2nd Law 
(i.e. 𝑓𝑠 − 𝑚𝑔 sin 𝜃 = 0) 
0.109 0.000* 0.001* 
𝑓𝑠 = 𝜇𝑠𝐹𝑁 0.738 0.065
# 0.301 
Other 0.221 0.029* 0.015* 
Algebra 
Correct use of Newton’s 
2nd Law 
(i.e. 𝑓𝑠 − 𝑚𝑔 sin 𝜃 = 0) 
0.062# 0.000* 0.118 
𝑓𝑠 = 𝜇𝑠𝐹𝑁 0.789 0.035* 0.562 
Other 0.061# 0.005* 0.059# 
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intervention 1 students’ average scores on trying to reproduce the tension problem after returning 
its solution to the instructor before attempting to reproduce it. Students’ performance on the 
friction problem is also listed for comparison. We found that almost every student, whether in a 
calculus-based or an algebra-based course, was able to solve the tension problem correctly 
except for some minor mistake (if any) such as confusing the weight and the mass. In particular, 
the average score on the tension problem was 9.7 out of 10. On the friction problem, however, 
the average score was significantly lower (5.9 and 5.1 in the calculus- and algebra-based courses, 
respectively). As Table 5 and Table 6 show, only 38% and 30% of the students, respectively, 
correctly used Newton’s 2nd Law along the direction parallel to the inclined plane to solve for 
frictional force; 𝑓𝑠 = 𝜇𝑠𝐹𝑁 was still common in both courses after the scaffolding. We note that 
the rationale behind this scaffolding support is the hypothesis that students will be able to unpack 
the deep similarities between the analogical problems, and that if students try to solve the tension 
problem and the friction problem by drawing free body diagrams (FBDs) at the beginning of 
their solutions first, they may realize from the FBDs that the frictional force in the second 
problem corresponds to the tension in the first problem. However, examining students' problem 
solving process suggests that only less than 50% of the students drew similar FBDs for the 
tension problem and the friction problem. Some students didn't draw any FBD in any of the 
problem, some drew FBD in one problem but not in another, and some drew different FBDs for 
the tension problem and the friction problem (e.g., compared to the FBD for the tension problem, 
the FBD for the friction problem is missing a force, having an additional force such as kinetic 
frictional force or tension force which shouldn’t be included in the friction problem, or  having 
the frictional force in the incorrect direction). Figures 3, 4, 5  are some examples of the different 
FBDs students drew for the tension problem and the friction problem.  If these students did not 
realize that the tension problem and friction problem have the same FBD, they may be less likely 
to benefit from the scaffolding support provided. In addition, examining the similarities written 
down by students suggests that the similarities most frequently noted are those that focus on the 
surface feature (e.g., the car has the same weight in both problems; the angle of inclination is the 
same; the car is at rest in both problems). Only 24% of students explicitly mentioned the 
similarity between the tension in one problem and the frictional force in the other problem. Some 
students explicitly pointed out that the tension problem is helpful for solving the friction problem 
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because it tells them how to find the normal force, and to find the frictional force, they need to 
use 𝜇𝑠𝐹𝑁. It is likely that the scaffolding support, which included asking students to identify the 
similarities between the two problems and reproduce the tension problem again, was not 
meaningful enough to engage many students in the analogical reasoning, especially if they had 
an alternative conception about being able to solve the friction problem using a different 
approach. Therefore, their improvement with intervention 1 was not as good as some other 
intervention(s) in which students were provided with more direct scaffolding and hints to help 
them contemplate the applicability of the equation 𝑓𝑠 = 𝜇𝑠𝐹𝑁 carefully in the friction problem. 
 
 
 
 
 
 
 
 
 
Figure 3. An example of the different FBDs drawn for the tension problem (left) and the friction problem 
(right) by the same student. This student made two mistakes in the FBD for the frictional force:  (1) An 
additional tension force was mistakenly included (2) The direction of the frictional force was incorrect.    
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. An example of the different FBDs drawn for the tension problem (left) and the friction problem 
(right) by the same student. This student mistakenly included an additional force – the kinetic friction – in the 
FBD for the friction problem. 
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Figure 5. An example of the different FBDs drawn for the tension problem (left) and the friction problem 
(right) by the same student. This student mistakenly included an additional tension force in the FBD for the 
friction problem. 
 
 
Table 8.  Average scores out of 10 points on the tension problem (reproduced after returning its solution) and 
the friction problem for intervention 1 in the calculus-based and algebra-based courses. 
 
 
 
 
3. Intervention 2 was generally the most effective for students in both calculus-based and 
algebra-based courses 
As noted earlier, intervention 2 was always one of the most effective interventions for 
students in both the calculus- and algebra-based courses. Students in this group were asked to 
solve the friction problem on their own before learning from the analogical solved example 
involving tension. Moreover, they were advised to make a qualitative prediction about the 
magnitude of the static frictional force on a steeper incline based on their daily experience and 
compare their prediction with their calculated result. It is possible that the scaffolding support in 
this intervention is more helpful for students because of the clear targeted goal and the thinking 
process students went through in their first attempt to solve the friction problem, which may 
facilitate better transfer from the solved tension problem later. Similar findings showing an 
advantage in postponing scaffolding until students have attempted to solve the problem without 
Tension Problem Friction Problem 
Calculus (N=34) Algebra (N=63) Calculus (N=34) Algebra (N=63) 
9.7 9.7 5.9 5.1 
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help have been discussed in other situations [53,54]. In addition, the fact that intervention 2 
involves additional questions about the steeper incline that guided students to devote effort to 
explicitly contemplate their solutions to static friction could have also contributed to the 
improvement in student performance. As Table 5 and Table 6 show, in both the algebra-based 
and calculus-based courses, intervention 2 helped decrease the percentage of students who used 
the 𝑓𝑠 = 𝜇𝑠𝐹𝑁 approach by 17~18%. While encouraging, Table 5 and Table 6 also indicate that 
there are still 16%~25% of students who used the 𝑓𝑠 = 𝜇𝑠𝐹𝑁 approach in intervention group 2. In 
order to understand why not all students benefited from the scaffolding support provided as we 
intended, students’ responses to those additional questions about the steeper incline were 
examined. 
 We found that in both courses, most students’ reasoning behind their first predictions about 
the magnitude of the static frictional force on a steeper incline could be classified into one of 
three categories: (1) daily experience and correct interpretation/prediction, (2) daily experience 
and incorrect interpretation/prediction, and (3) answer based on the calculated result. There were 
students from both the calculus-based and algebra-based courses who were able to connect the 
problem with their daily experience and make a correct prediction. For example, a calculus-
based student correctly stated that “Based on my daily experience, I would predict that the 
magnitude should be larger because the steeper angle makes objects want to move more than the 
slight angle”. Similar statements such as “If the inclined plane is steeper, the frictional force 
between the object and the surface will be larger because the frictional force is equal to the 
magnitude of the force pulling you down the incline (just in the opposite direction) and from 
daily experience it feels like more force is trying to pull you down a plane when the plane is 
steeper” were made by some algebra-based students as well. However, although students knew 
from their daily experiences that it is less likely for an object to stay at rest on a steeper incline, 
some of them had an alternative explanation so that their prediction was opposite to their 
intuition. For example, one student said “Based on my daily experience, the frictional force 
should be less on a larger incline because it’s harder to stay at rest on a steeper incline.” Such 
explanations were found in both the algebra- and calculus-based courses. We note that the 
purpose of this prediction question was to help students who originally adopted the 𝑓𝑠 = 𝜇𝑠𝐹𝑁 
approach to discover the conflict between the qualitative trend suggested by the daily experience 
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(static friction should be larger on a steeper incline) and their quantitative answer (showing that 
the static friction calculated using 𝑓𝑠 = 𝜇𝑠𝐹𝑁 is smaller on a steeper incline). We hypothesized 
that such questioning will provide incentive for students to re-examine their problem solving 
approach if they used 𝑓𝑠 = 𝜇𝑠𝐹𝑁 to solve for friction in their first attempt. However, as indicated 
by the data, not all students were able to discover the inconsistency in their responses. Some 
students provided alternative explanations about their daily experience as in the example 
described above, some made a prediction not based on their daily experience but based on a 
quantitative calculation, and some predicted the correct outcome using the correct reasoning but 
made a mistake in the subsequent calculation so that the frictional force they calculated using 
𝑓𝑠 = 𝜇𝑠𝐹𝑁 happened to be larger on a steeper incline, which is consistent with their qualitative 
prediction. In total, we found that only 14% of the students who used 𝑓𝑠 = 𝜇𝑠𝐹𝑁 in their first 
attempt to solve for static friction discovered the inconsistency in the manner it was originally 
intended. It is possible that intervention 2 could have a larger impact on student performance 
than it currently does if the scaffolding support provided can be modified so that more students 
are able to notice the deficiency in using  𝑓𝑠 = 𝜇𝑠𝐹𝑁  and re-examine their problem solving 
approach.  
 
4. Intervention 3 was more helpful in the calculus-based course than in the algebra-based 
course and many students did not discern the full meaning of the inequality 
As for intervention 3, which not only provided students with the solved tension problem but 
also exposed them to the correct inequality 𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁  and asked them to explicitly discuss 
whether 𝜇𝑠  is needed to solve the friction problem by thinking about the meaning of the 
inequality, Table 6 suggests that this scaffolding support was more beneficial to the students in 
the calculus-based course than the algebra-based course. In order to get more insight into how 
students responded to the scaffolding support in this intervention and why there was a big 
difference between the calculus-based and the algebra-based courses, the percentages of students 
who explicitly answered whether 𝜇𝑠 is needed/not needed  in these two courses were examined. 
Table 9 suggests that even though students were advised to identify the similarity between the 
two problems and were also explicitly shown that the correct expression for the static friction 
was not 𝑓𝑠 = 𝜇𝑠𝐹𝑁 but 𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁, some students (especially many of those in the algebra-based 
26 
 
course) had difficulty in making sense of the inequality and its implication for the friction 
problem. As Table 9 shows, fifty percent of the students in the algebra-based course explicitly 
noted that in order to find the frictional force on the car, 𝜇𝑠  needs to be given. Examining 
students’ explanations of the inequality, we found that many students were not able to take 
advantage of the scaffolding provided because they focused only on one aspect of the inequality 
and failed to see its full implication: Instead of realizing that “𝑓𝑠 can be any value from zero to 
the maximum value (which is 𝜇𝑠𝐹𝑁), depending on how strong the opposing force is”, they only 
focused on the fact that static friction cannot be larger than 𝜇𝑠𝐹𝑁. They explained that if this 
maximum amount is exceeded, the object could no longer be stationary; however, since the car 
in the problem was at rest, the coefficient of static friction must be used. The similarities between 
the two problems and explicitly asking students to explain the inequality sign did not help them 
realize that the static frictional force in the friction problem was not equal to its maximum value. 
In addition, there were some students who literally wrote out  𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁 in words as their 
explanation of the inequality. If these students did not discern deeply what the inequality means, 
they were less likely to benefit from the scaffolding support provided. We also found that a few 
students incorrectly interpreted the inequality and the maximum static friction. For example, one 
student stated that “𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁 means that the normal force multiplied by 𝜇𝑠 must be greater than 
fs in order for the car to overcome the frictional force. If it is not greater, then the car will not 
move.”  Another student noted “It is an inequality because if 𝜇𝑠𝐹𝑁 were any smaller than fs, it 
would cause the force to be too small and the car would move.” Such difficulty in interpreting 
the relationship between the static frictional force and its maximum value was more commonly 
found in the algebra-based course than in the calculus-based course. It is likely that the 
scaffolding support provided in intervention 3 requires an ability to interpret inequalities at a 
level which is more suitable for students in the calculus-based course but too innovative for 
many students in algebra-based courses. Therefore, intervention 3 may be more commensurate 
with students’ prior skills in a calculus-based course but may be beyond the zone of proximal 
development [62] for many students in an algebra-based course. Accordingly, more students 
from calculus-based course benefited from this scaffolding support than those in the algebra-
based course.  
 
27 
 
Table 9. Percentage of students in intervention group 3 who answered that µs is needed/not needed in the 
friction problem after they attempted to explain the meaning of the inequality fs≤µsFN.  
 
 
 
 
 
 
 
 
 
5. The analogical problem solving activity and related scaffolding supports provided played 
an important role in the effectiveness of an intervention. Simply increasing the time and 
information provided to students did not improve their performance. 
Before ending this section about the effects of different scaffolding support in calculus-based 
and algebra-based introductory physics courses, we note that the better performance observed in 
intervention group 2 (in both courses) and intervention group 3 (in the calculus-based course) 
came from the analogical problem solving and the related scaffolding supports provided, not 
simply from the longer time and more information given to students in these intervention groups 
compared to the comparison group. While students in these intervention groups were given more 
total time than those in the comparison group (students in the comparison group did not spend 
time browsing over the solution to tension problem or contemplating the answers to the 
additional questions asked to scaffold their learning), simply giving students more time and more 
information would not necessarily result in a better performance as great as what we observed in 
this study. In order to confirm this hypothesis, we examined the performance of another group of 
students in an equivalent algebra-based course at the same institution who were comparable to 
the algebra-based students in the study discussed based on their FCI scores. This other group of 
students in the algebra-based course (N=22) was given 30 minutes to work on the friction 
problem in a mandatory quiz. Similar to the comparison group, no solved tension problem was 
provided to students in this group. However, in order to encourage students to think about the 
problem for the full 30 minute period, they were instructed to devote at least the first 10 minutes 
to think about how to solve the friction problem before actually writing down their solutions. 
Moreover, they were allowed to use their textbooks and notes during the full 30- minute quiz 
period. Students’ performance on this quiz was graded using the same rubric presented in Table 
 Calculus (N=39) Algebra (N=66) 
μs not needed 69.2 % 45.5 % 
μs needed 28.2 % 50.0 % 
Irrelevant answer or no 
answer 
2.6 % 4.5 % 
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2. We found that although students in this group had 30 minutes to work on the quiz (the 
maximum amount of time students in the intervention groups received)) and they could use all 
the information that they found from the textbooks and notes to solve the problem, their 
performance (with an average score of 4.6 out of 10) was still significantly lower than the 
performance of intervention group 2. In fact, their performance was not statistically different 
from the performance of the comparison group discussed earlier. Similarly, when a group of 
students in an equivalent calculus-based course (N=38) was given 30 minutes to work on the 
friction problem with the help of their textbooks and notes (but none of the analogical problem 
solving and scaffolding used in the intervention groups were provided), they achieved a score of 
3.7 out of 10 on the friction problem, which is statistically lower than the score achieved in the 
calculus-based intervention groups 2 and 3 (even though their FCI scores were not statistically 
significant). Such findings suggest that simply providing more time and more information to the 
students does not guarantee a better performance unless the scaffolding support provided 
engages students in a deep cognitive processing about their alternative conception and approach 
to problem solving. 
 
B. Findings from the individual interviews 
 
1. General Description of the interviews 
The quantitative data suggest that while some of the scaffolding supports provided in the 
interventions helped improve student performance on the friction problem, overall, there is still 
room for improvement. In particular, even though students in intervention groups 2 and 3 
received scaffolding support and extra hints to help them reconsider their alternative conceptions, 
employing  𝑓𝑠 = 𝜇𝑠𝐹𝑁  to solve the problem was still common. In order to understand the 
cognitive mechanism for how students were impacted by the scaffolding supports and to further 
explore strategies to help students, ten student volunteers from other equivalent introductory 
physics classes who did not participate in the quiz were recruited for one-on-one interviews the 
following semesters. From these semi-structured think-aloud interviews, we can obtain a better 
understanding of students’ thought processes while they solve the problem with different 
scaffolding supports. At the time of the interview, three interviewees were concurrently enrolled 
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in the 1st semester introductory physics course, and seven interviewees had finished their 1st 
semester introductory physics course in a previous semester. In total, five out of the ten 
interviewees took the calculus-based mechanics course, and the other five of them took the 
algebra-based mechanics course. The interviews were conducted after all the relevant topics had 
been covered in the lectures, and there was no qualitative difference found between students who 
were concurrently enrolled in the introductory mechanics course and those who had finished the 
course. 
During the interviews, students were asked to learn from the solved tension problem provided 
and solve the analogical friction problem. Three students in the algebra-based course and two in 
the calculus-based course were provided with the scaffolding support of intervention 2. The other 
interviewed students were given the scaffolding support of intervention 3. Students were asked to 
perform the task while thinking aloud; they were not disturbed during the task. After the students 
completed the task, the researcher first asked clarification questions in order to understand what 
they did not make explicit earlier and what their difficulties were. Based on this understanding, 
the researcher then provided additional support to the students in order to help them solve the 
friction problem correctly if they had not done so. At the end of the interviews, students were 
invited to reflect on the learning process they just went through and provide some suggestion 
from their own perspective on how to improve students’ performance on the friction problem. 
The goal of the students’ reflection was to help us identify possible helpful scaffolding support 
not only based upon what the researchers observed but also based upon students’ reflections of 
their own learning. The interview protocol can be found in the auxiliary materials. All the 
interviews were recorded, and additional observations from the interviews were immediately 
noted down right after each interview was completed. Results from the interviews were analyzed 
based on students’ written solutions, the researcher’s notes and the recording. In particular, we 
focused on identifying what difficulties students encountered when attempting the task, and what 
scaffolding support appeared to benefit the students.  Two researchers discussed how to interpret 
the observations from the interviews together until they reached an agreement. The findings are 
presented below.   
 
30 
 
2. Interviewed students struggled with the idea that static friction does not have to equal its 
maximum value 
There are two major findings from the interviews. First, the interviews revealed that many 
students struggled with the idea that the static friction is not necessarily equal to its maximum 
value. Even if students were able to learn from the scaffolding provided and discern the 
similarities between the tension force in one problem and the frictional force in the other 
problem, often they were still confused because they did not know why  𝑓𝑠  does not have to 
equal 𝜇𝑠𝐹𝑁. For example, when a student (student A) who was provided with intervention 3 in 
the interview attempted to use both Newton’s 2nd Law in the equilibrium situation along the 
direction parallel to the inclined plane and the equation 𝑓𝑠 = 𝜇𝑠𝐹𝑁 to solve for friction, he was 
confused when he saw that different methods yielded different answers. He was not sure if he 
should say yes or no to the question related to “whether 𝜇𝑠 is needed in order to solve for 
friction.” For example, the student continued “Here, the question is: can you find the frictional 
force on the car in the problem without knowing the coefficient of static friction? I would say no, 
but my equation says yes. That doesn’t make sense. Because, judging by my free body 
diagram[shown in figure 6], 𝑚𝑔𝑠𝑖𝑛𝜃 would actually…would have to equal force done by 
friction. But I thought the definition of the force done by static friction was the coefficient of 
friction times the normal force.” This student also explicitly noted that he did not know how to 
explain the meaning of the inequality. He knew that the inequality stated that the static friction is 
smaller than or equal to the coefficient of static friction times the normal force, and that the static 
friction could not be larger, but he did not know how to interpret the inequality. In particular, he 
noted that he did not know why 𝑓𝑠 will ever be smaller, and not just equal to 𝜇𝑠𝐹𝑁.  
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Figure 6. Student A’s FBD for the friction problem 
 
The same difficulty was commonly found in other interviewees, too. For example, another 
student, student B, who was given intervention 2, wrote down correct answers to all of the 
questions without using 𝑓𝑠 = 𝜇𝑠𝐹𝑁, although she claimed during the “thinking aloud” process 
that the static friction and the normal force she calculated would be connected by the formula 
𝑓𝑠 = 𝜇𝑠𝐹𝑁. (Her free-body diagram is shown in figure 7). When the researcher later asked her to 
check this relation by substituting the numbers she obtained, she found a conflict and did not 
know what to do about it. Although learning from the solved problem made her confident that 
her original answer 𝑓𝑠 = 𝑚𝑔 sin 𝜃 was correct, she did not understand why the static friction 
does not have to equal 𝜇𝑠𝐹𝑁. These findings suggest that in addition to those reasons identified in 
the quantitative study, another reason why the interventions are not more effective may be that 
they focused mainly on helping students recognize that the static frictional force does not equal 
𝜇𝑠𝐹𝑁, but did not provide enough support in helping students understand why the static frictional 
force can be smaller than 𝜇𝑠𝐹𝑁. For the interventions to be more effective, more scaffolding 
support that focused on the latter issue may be required. 
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Figure 7. Student B’s FBD for the friction problem 
 
The second finding from the interviews (such as the one with student B) is that even if a 
student’s written solution for the static frictional force and normal force does not involve 𝑓𝑠 =
𝜇𝑠𝐹𝑁, it does not necessarily indicate that they thought that this relationship does not hold in the 
given situation. These findings from the interviews suggest that the quantitative data presented 
previously could be considered as an upper limit for how well the interventions helped students 
overcome their reasoning difficulty by asking them to discern the similarities between the 
tension problem and the friction problem. Some students may require more scaffolding support 
in order to re-organize their knowledge about static friction and interpret the associated 
inequality correctly. From the interviews, we identified some discussion threads that were useful 
in helping students build a better understanding of static friction. We will discuss some of them 
in the following subsection. 
 
3. Additional scaffolding supports that may help students 
First of all, the interviews suggest that in order to improve students’ understanding of the 
inequality 𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁 , one helpful strategy is to quantitatively lead students to reason about the 
static friction acting on an object (such as a heavy desk) placed on a horizontal surface and how 
this force keeps increasing when we push the object harder and harder until the maximum static 
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friction is reached and the static frictional force is no longer able to hold the object in place, at 
which point the object starts to move. We note that although the information contained here is 
similar to that in intervention 2 when the angle of inclination is increased, the example of an 
object on a horizontal surface may be easier for students to comprehend because it does not 
require a decomposition of forces and the normal force stays the same. We also note that 
although a similar example is often used by many instructors while lecturing, it is likely that 
students pay more attention to one aspect of the inequality (i.e., the static friction cannot be 
larger than 𝜇𝑠𝐹𝑁 otherwise the object will start to move) than the other (the situations in which 𝑓𝑠 
is not equal to but smaller than 𝜇𝑠𝐹𝑁) as we discussed in the quantitative results section. It would 
therefore be beneficial if additional scaffolding supports were provided to guide students to 
reason about this latter aspect by starting with some cueing questions. For example, students 
could be asked: “Since the inequality 𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁 implies that the static friction can be smaller 
than (not equal to) 𝜇𝑠𝐹𝑁, can you think of any situation in which 𝑓𝑠 is indeed smaller?” or “what 
would happen if the static frictional force is always equal to 𝜇𝑠𝐹𝑁?” If the students struggle with 
the former question, we could guide them to think about the static friction acting on an object 
resting on a horizontal surface when no horizontal force is applied, which many students are able 
to answer immediately, so that students can build their understanding on a solid base in a 
familiar situation. Interviews suggest that although simply asking students to consider the case in 
which there is no static friction while the normal force is nonzero may not be enough to totally 
clear up student’ confusion about whether it is correct to solve for the friction without using 𝜇𝑠, it 
provides a good starting point. For example, after successive follow up questions in which 
student A was asked to calculate the static frictional force on a desk on the floor when 1 N, 2 
N…. of external horizontal force is applied until the value of 𝜇𝑠𝐹𝑁 was exceeded and the object 
starts to move, he gradually understood the full implication of the inequality and he was no 
longer perplexed by the fact that his answer to the friction problem did not involve the 
coefficient of static friction. When the researcher later asked him to reflect on his learning during 
the whole activity and identify the support which he found most helpful, he said “I think it was 
the…the analogy of the desk [that really helped me]. I understand that now. Because…like….at 
first it [𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁] just looks like an equation to me. But after I understand that it’s gonna be 
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LESS THAN or equal to until that point where you exceed it, and it starts moving the other 
direction that’s gonna be greater than, that makes sense to me.” 
Similarly, when another student was asked at the end of the interview to provide some 
suggestions on how to help students learn that fs is not always equal to 𝜇𝑠𝐹𝑁 by reflecting on her 
learning process during the activity, she pointed out that the example of an object on a horizontal 
surface was very helpful, especially the part in which the researcher guided her to examine what 
will happen if static friction was always equal to 𝜇𝑠𝐹𝑁. By drawing the free body diagram, this 
student was able to reason that if the static frictional force had a fixed value of 𝜇𝑠𝐹𝑁, giving the 
object a small push toward the left (with a magnitude smaller than 𝜇𝑠𝐹𝑁) would result in a freak 
phenomenon of the object moving toward the right (since a static friction acting toward the right 
should exist to resist the tendency to move and its larger magnitude suggests that the object 
would move in a direction opposite to the direction in which it was pushed), which was 
contradictory to her daily experience. She claimed that this example helped her the most in 
realizing that 𝑓𝑠 = 𝜇𝑠𝐹𝑁 is only true in special situations and she was able to reason about it 
using the free body diagram. Similar discussions about the contradictory consequences of 
assuming that the static frictional force is always equal to 𝜇𝑠𝐹𝑁 were found to be very helpful for 
other students as well. For example, one student (student C) who reasoned about a similar 
contradictory consequence in the context of the friction problem had the following conversation 
with the researcher: 
Student C: “I never thought of it that way and that [if 𝑓𝑠 = 𝜇𝑠𝐹𝑁 = 11691 𝑁 ] would 
actually be pulling it[the car] up. I am thinking it’s just the…it’s like money in the bank. I 
got more money in the bank up here and less money in the bank up there. But I have more 
money in the bank up here. It keeps the car from going downhill. But in effect, right, what 
you are saying is true. It would then have to in effect pull the car uphill.” 
Researcher: “Right, so you don’t have to pay so much money to keep the car at rest.”  
Student C:“Right”   
Researcher: “You just pay whatever you need” 
Student C: “Pay the amount, right, that’s equal to what force is pulling it down. Right… and 
I’m seeing it as a…as not a force that’s pulling it, but just a total amount, like, you know, his 
muscle was strong enough to lift 300 pounds, but he was lifting 150 pounds, that kind of 
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thing, where in essence the static frictional force is gonna not be more than its 
opposing …than its opposing force. So it never kind of hit me until now” 
 
Regarding students’ suggestions for strategies that they personally found helpful for learning 
about static friction, many of them discussed the importance of emphasizing the inequality of 
static frictional force. For example, one student pointed out that “it probably would have been 
better if you would say 𝑓𝑠 , the frictional force of static friction, does NOT equal 𝜇𝑠𝐹𝑁 like 99 % , 
like 90% of the time or 99% of the time. But in those few instances where… and whatever those 
instances would be… 10 % or 5% of cases of problems…it is gonna equal it.” “But then when it 
equals it, that’s the max.” Although the concept of “static friction not always equal to 𝜇𝑠𝐹𝑁” is 
usually discussed in a typical introductory physics course with the help of an equation  𝑓𝑠
𝑚𝑎𝑥 =
𝜇𝑠𝐹𝑁 or the inequality 𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁, our study indicates that a majority of students were not able to 
grasp the full meaning of these expressions. For some students, the expression in terms of  
𝑓𝑠
𝑚𝑎𝑥 = 𝜇𝑠𝐹𝑁 may be more helpful than  𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁 because the former emphasizes the fact that 
it is the MAXIMUM static friction that equals 𝜇𝑠𝐹𝑁 whereas the latter expression is confusing 
and may come across as an equality (rather than an inequality). Other students, on the other hand, 
may not fully understand why the former expression involves “max” and simply treat it as 𝑓𝑠 =
𝜇𝑠𝐹𝑁. One interviewee suggested that writing both 𝑓𝑠
𝑚𝑎𝑥 = 𝜇𝑠𝐹𝑁 and 𝑓𝑠 ≤ 𝜇𝑠𝐹𝑁 together would 
help students understand the concept of static friction better . She pointed out that “It’s easy if 
you put that ‘fs max would equal’ equation and the inequality, and then you were to explain why. 
That would help a lot as to why 𝜇𝑠𝐹𝑁 doesn’t equal [the static friction].” She reflected on her 
own learning of the subject and said: “Because when my professor first taught it to us, he wrote 
maximum and I was like, ‘hey…what does that mean?’ Like… you know…it was just max, 
whatever. Now that we went over this, I do understand why he would put that, and I’ve grasped 
the concept better.” Based on this student’s suggestion, it is likely that listing both the equation 
and the inequality together would help students focus on both aspects of the inequality when the 
maximum static friction is is not reached. This student’s remarks also emphasized that if the 
analogical reasoning activity as well as other scaffolding support provided were designed and 
implemented in a way that is commensurate with students’ current knowledge, they are more 
likely to benefit from it. 
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IV. SUMMARY 
 
In this investigation, we examine the effects of using analogical problem solving and 
different scaffolding supports to help 410 introductory physics students in algebra-based and 
calculus-based courses solve a problem that typically involves a strong alternative conception.  
The findings suggest that some students were able to take advantage of the scaffolding supports 
provided and transfer their learning from the solution to the tension problem provided to solve 
the analogical problem involving friction. In particular, after learning from the scaffolding 
provided, more students were able to identify the relevant concepts involved in solving the 
friction problem, and the score on average improved in all but one intervention group. However, 
the alternative conception that “static friction is always equal to its maximum value 𝜇𝑠𝐹𝑁” was 
still prevalent.  
Out of the three interventions used, intervention 1 did not explicitly address the alternative 
conception that 𝑓𝑠 is always equal to its maximum value  𝜇𝑠𝐹𝑁. The rationale for intervention 1 
was that students may benefit from the similarities in the two problems and employ Newton’s 2nd 
law in the direction parallel to the inclined plane to solve the friction problem. No other 
scaffolding support to guide them to contemplate over their alternative conception related to 
static friction was provided. The fact that in both algebra-based and calculus-based courses, 
about the same percentage of students in intervention group 1 used the “𝑓𝑠 = 𝜇𝑠𝐹𝑁” approach as 
in the comparison group to solve for the friction force suggests that for this type of problem 
involving a strong alternative conception, scaffolding support that addresses such difficulty more 
directly (such as intervention 2 or 3) is necessary to help students. 
Our results also suggest that the effects of the scaffolding supports provided depend not only 
on the design of the scaffolding itself, but also on how closely the scaffolding matches students’ 
prior knowledge and skills. For example, intervention 3 was found to be more helpful in the 
calculus-based course than in the algebra-based course. Although the scaffolding support in 
intervention 3 may be considered as a big hint by instructors since students were explicitly 
guided to the correct expression for static friction, not all students were able to benefit from it. 
Many students focused on the fact that the static friction could not be larger than 𝜇𝑠𝐹𝑁 while 
trying to explain the inequality, but ignored the fact that the inequality suggests that static 
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friction can in fact be smaller than 𝜇𝑠𝐹𝑁.  Interviews suggest that in order to make sense of the 
scaffolding support in intervention 3, students need to correctly understand and be able to 
explain the mathematical inequality provided. Many interviewed students struggled to explain 
what the inequality means and could only articulate that the static frictional force cannot be 
larger than the maximum value. Many of them explicitly expressed confusion when the 
interviewer asked whether the static friction can be smaller than its maximum value in a given 
situation. The fact that not as many students in the algebra-based course benefited from 
intervention 3 as in the calculus-based course suggests that this scaffolding support may be more 
commensurate with calculus-based students’ knowledge and skills. 
Overall, we found that intervention 2, in which students had to compare their predictions 
from daily experiences with their calculations and solve the friction problem first before the 
tension problem was provided was consistently among the most effective in helping students 
refrain from using 𝑓𝑠 = 𝜇𝑠𝐹𝑁  and instead use Newton’s 2
nd law along the direction parallel to the 
inclined plane to find static friction in both the algebra- and calculus-based courses. This result 
suggests that if an instructor wants to use a similar analogical problem solving activity with 
additional scaffolding support to help students solve a target problem that typically involves a 
strong alternative conception, it is a good strategy to provide the solved analogical problem to 
students only after they have tried to solve the target problem (e.g. the friction problem) on their 
own first. Providing students with additional scaffolding, e.g., in the form of questioning that 
help students recognize and resolve the conflict between their alternative conception and their 
other knowledge elements (e.g., knowledge drawn from everyday experiences) can also be 
helpful.  
While some level of success was found in intervention 2 and 3 which provided more explicit 
scaffolding than intervention 1, our study has also identified possible strategies for future 
improvement in problems involving strong alternative conceptions. First, it may be helpful if the 
scaffolding support provided in these problems can also guide students to make sense of the 
scientific concepts they are struggling with in more depth. The scaffolding support used in our 
study helped some students, but did not place enough emphasis on helping others understand 
why the approaches suggested by the analogies are more appropriate for solving the problem. 
Interviews suggest that even though some students understood that the scaffolding guided them 
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to use Newton’s 2nd law along the direction parallel to the inclined plane to solve for friction 
instead of using “𝑓𝑠 = 𝜇𝑠𝐹𝑁”, they were still confused because they did not know why 𝑓𝑠 will 
ever be smaller than 𝜇𝑠𝐹𝑁 or why 𝑓𝑠 does not have to equal 𝜇𝑠𝐹𝑁. If additional scaffolding is 
included to help students consider cases in which the same content is involved but invoking 
alternative conception more directly causes a cognitive conflict (e.g., there is zero frictional force 
acting on a book resting on a desk, even if 𝜇𝑠and 𝐹𝑁 are both nonzero), more students are likely 
to benefit. Second, it may be helpful to increase the number of examples provided in which 
students are provided scaffolding support to realize the conflict associated with alternative 
conceptions. If the scaffolding support involves only one such example, students may not 
necessarily discern the need to reconsider their conception deliberately and repair, reorganize 
and extend their knowledge structure. With more guided examples with gradually reduced 
scaffolding support, students are more likely to develop self-reliance and restructure their 
knowledge. In addition to the scaffolding supports used in the classroom investigations discussed, 
other scaffolding that can be provided include guiding students to think about the frictional force 
acting on a stationary book on the horizontal desk, guiding them to consider what would happen 
if the static friction always equals its maximum value, as discussed with the interviewed students 
in this study. In addition, it may also be helpful to ask students to consider a new case, which 
combines both the tension problem and the friction problem with a car held at rest with a rope on 
a frictional incline. In this case involving both tension and friction, depending on how strong the 
tension force is, the magnitude of the static frictional force can be any value between zero 
Newton to  𝜇𝑠𝐹𝑁, which might provide another strong case to demonstrate the inequality of static 
friction.  Future studies could explore the effects of these interventions (and possibly a 
combination of several different interventions) to identify more effective strategies for helping 
students. Future studies can also explore how these types of interventions with different 
scaffolding supports help students solve other quantitative problems involving alternative 
conceptions.  
Finally, we re-emphasize the importance of systematically studying the effects of scaffolding 
supports on problem solving involving problems in which alternative conceptions can derail the 
entire process. The design of an effective instructional intervention is a challenging task and a 
scaffolding support which appears promising based upon a cognitive task analysis may turn out 
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not to be as effective as anticipated for a particular student population. It will be valuable for 
instructors looking for strategies to assist students with such problems if the effectiveness of a 
variety of scaffolding supports is examined across problems.  
 
V.     ACKNOWLEDGEMENTS 
 
We thank the National Science Foundation for support. We are very grateful to professors F. 
Reif and R. P. Devaty for extremely helpful discussions and/or feedback on the manuscript. 
 
 
REFERENCES 
[1] Robert Beichner, Duane Deardorff, and Binghua Zhang, "GOAL-Oriented problem 
solving",  (2002), pp. ftp://ftp.ncsu.edu/pub/ncsu/beichner/RB/GOALPaper.pdf. 
[2] Leon Hsu and Ken Heller, "Providing individualized guidance and feedbck with web-
based problem solving proaches", pp. 
http://groups.physics.umn.edu/physed/Talks/Hsu_AAPTS09%20poster.pdf. 
[3] L. C. McDermott, "Research on conceptual understanding in mechanics," Physics Today 
37 (7), 24-32 (1984). 
[4] J. J. Clement, "Students' preconceptions in introductory mechanics," Am. J. Phys. 50, 66-
71 (1982). 
[5] J. D. Novak (ed), Proceednigs of the Second International Seminar on Misconceptions 
and Educational Strategies in Science and Mathematics. (Department of Education, 
Cornell University, Ithaca, NY, 1987). 
[6] J. D. Novak and H. Helm (eds), Proceedings of the International Seminar on 
Misconceptions in Science and Mathematics. (Department of Education, Cornell 
University, Ithaca, NY, 1983). 
[7] L. McDermott and E. Redish, "Resource Letter: PER-1: Physics Education Research," 
Am. J. Phys. 67 (9), 755 (1999). 
[8] G. Posner, K. Strike, P. Hewson, and W. Gerzog, "Accommodation of a scientific 
conception: Toward a theory of conceptual change," Science Education 66, 211-227 
(1982). 
[9] L. C. McDermott and P. S. Shaffer, "Research as a guide for curriculum development: An 
example from introductory electricity. Part I: Investigation of student understanding.," 
Am. J. Phys. 60, 994-1003 (1992). 
[10] J. D. Bransford, A. L. Brown, and R. R. Cocking, How people learn: Brain, mind, 
experience, and school. (National Academy Press, Washington, DC, 1999). 
[11] D. Brown and J. Clement, "Overcoming misconceptions via analogical reasoning: Factors 
influencing understanding in a teaching experiment," Instructional Science 18, 237-261 
(1989). 
40 
 
[12] K. A. Strike and G. J. Posner, "A revisionist theory of conceptual change", in Philosophy 
of science, cognitive psychology, and educational theory and practice, edited by R. A. 
Duschl and R. J. Hamilton (State University of New York Press, New York, 1992), pp. 
147-176. 
[13] R. N. Steinberg and M. S. Sabella, "Performance on multiple-choice diagnostics and 
completentary exam problems," Phys. Teach. 35, 150-155 (1997). 
[14] R. Dufresne, W. Leonard, and W. Gerace, "Making sense of students' answers to multiple 
choice questions," The Physics Teacher 40, 174-180 (2002). 
[15] A. diSessa, N. Gillespie, and J Esterly, "Coherence vs. fragmentationn in the 
development of the concept of force," Cog. Sci. 28 (6), 843-900 (2004). 
[16] A. diSessa, A. Elby, and D. Hammer, "J's epistemological stance and strategies", in 
Intentional conceptual change, edited by G. Sinatra and Pintrich (Lawrence Erlbaum 
Associates, Mahwah, NJ, 2002), pp. 238-290. 
[17] Lin Ding, "Seeking missing pieces in science concept assessments: Reevaluating the 
Brief Electricity and Magnetism Assessment through Rasch analysis," Physical Review 
Special Topic Physics Education Research 10, 010105 (2014). 
[18] M.T.H. Chi and J. D. Slotta, "The ontological coherence of intuitive physics," Cognition 
and Instruction 10, 249-260 (1993). 
[19] M.T.H. Chi, J. D. Slotta, and N. de Leeuw, "From things to processes: A theory of 
conceptual change for learning science concepts," Learning and Instruction 4, 27-43 
(1994). 
[20] A. Gupta, D. Hammer, and E. Redish, "The case for dynamic models of learners'  
ontologies in physics," Journal of the Learning Scienes 19 (3), 285-321 (2010). 
[21] C. Ioannides and S. Vosniadou, "The changing meanings of force.," Cognitive Science 
Quarterly 2 (1), 5-62 (2002). 
[22] J. D. Slotta, M.T.H. Chi, and E Joram, "Assessing students' misclassifications of physics 
concepts: An ontological basis for conceptual change," Cognition and Instruction 13, 
373-400 (1995). 
[23] A. diSessa, "Toward an Epistemology of Physics," Cogn. Instr. 10, 105-225 (1993). 
[24] D. Hammer, "Misconceptions or p-prims: How might alternative perspectives 
oncognitive structure influence instructional perceptions and intentions," J. Learn. Sci. 5, 
97-127 (1996). 
[25] D. Hammer, "More than misconceptions: Multiple perspectives on student knowledge 
and reasoning, and an appropriate role for education research.," 1996 64 (10), 1316-1325 
(1996). 
[26] D. Hammer, "Student resources for learning introductory physics," Am. J. Phys. 68 (7), 
S52-S59 (2000). 
[27] S. Carey, "Sources of conceptual change", in Conceptual development: Piaget's legacy, 
edited by E. K. Scholnick, K. Nelson, and P. Miller (Lawrence Erlbaum Assoc., Mahwah, 
NJ, 1999), pp. 293-326. 
[28] M.T.H. Chi, "Commonsense conceptions of emergent processes: Why some 
misconceptions are robust," The Journal of the Learning Sciences 14 (2), 161-199 (2005). 
[29] J. L Docktor and J. Mestre, "A synthesis of discipline-based education research in 
physics. White paper commissioned by the National Research Council (147 pages)",  
(2011). 
41 
 
[30] Gokhan Ozdemir and Douglas B. Clark, "An Overview of Conceptual Change Theories," 
Eurasia Journal of Mathematics, Science and Technology Education 3 (4), 351-361 
(2007). 
[31] K. A. Strike and G. J. Posner, "Conceptual change and science teaching," International 
Journal of Science Education 4 (3), 231-240 (1982). 
[32] C. J. Linder, "A challenge to conceptual change," Science Education 77, 293-300 (1993). 
[33] E. L. Smith, T. D. Blakeslee, and C. W. Anderson, "Teaching strategies associated with 
conceptual change learning in science," Journal of Research in Science Teaching 30, 
111-126 (1993). 
[34] S. Vosniadou, "Capturing and modeling the process of conceptual change," Learning and 
Instruction 4, 45-69 (1994). 
[35] D. B. Clark, "Longitudinal conceptual change in students' understanding of thermal 
equilibrium: An examination of the process of conceptual restructuring," Cognition and 
Instruction 24 (4), 467-563 (2006). 
[36] J. P. Smith, A. diSessa, and J. Roschelle, "Misconception reconceived: A constructivist 
analysis of knowledge in transition," The Journal of the Learning Sciences 3, 114-163 
(1993). 
[37] C. Camp and J. Clement (eds), Preconceptions in mechanics: Lessons dealing with 
students' conceptual difficulties. (Kendall/Hunt, Dubuque, Iowa, 1994). 
[38] L. C. McDermott, P. S. Shaffer, and the Physics Education Group at the University of 
Washington, Tutorials in Introductory Physics. (Prentice Hall, Upper Saddle river, NJ, 
2002). 
[39] J. Slotta and M.T.H. Chi, "Helping students understand challenging topics in science 
through ontology training," Cognition and Instruction 24, 261-289 (2006). 
[40] D. R. Sokoloff and R. K. Thornton, "Using interactive lecture demonstrations to create an 
active learning environment," The Physics Teacher 35 (6), 340-347 (1997). 
[41] K. Wosilait, P.R.L. Heron, P. S. Shaffer, and L. C. McDermott, "Development and 
assessment of a research-based tutorial on light and shadow," Am. J. Phys. 66, 906-913 
(1998). 
[42] J. Clement, "Using bridging analogies and anchoring intuitions to deal with students' 
preconceptions in physics," Journal of Research in Science Teaching 30 (10), 1241-1257 
(1993). 
[43] D. Genter and C. Toupin, "Systematicity and surface similarity in the development of 
analogy," Cognitive Science 10, 277-300 (1986). 
[44] D. Gentner, "Structure-mapping: A theoretical framework for analogy," Cog. Sci. 7, 155-
170 (1983). 
[45] S. K. Reed, G. W. Ernst, and R. Bannerji, "The role of analogy in transfer between 
similar problem states," Cogn. Psychol. 6, 436 (1974). 
[46] K. Holyoak, "The pragmatics of analogical transfer", in The Psychology of learning and 
motivation, edited by G. Bower (Academic Press, New York, 1985), Vol. 19. 
[47] K. Holyoak and K. Koh, "Surface and structural similarity in analogical transfer," 
Memory and Cognition 15, 332-340 (1987). 
[48] L. Novick, "Analogical transfer, problem similarity and expertise," J. Exp. Psychol. 
Learn. Mem. Cogn. 14 (3), 510-520 (1988). 
42 
 
[49] Noah S. Podolefsky and Noah D. Finkelstein, "Analogical scaffolding and the learning of 
abstract ideas in physics: An example from electromagnetic waves," Physical Review 
Special Topic Physics Education Research 3, 010109 (2007). 
[50] D. E. Brown, "Facilitating conceptual change using analogies and explanatory models," 
International Journal of Science Education 16, 201-214 (1994). 
[51] M. L. Gick and K. J. Holyoak, "Analogical problem solving," Cognitive Psychology 12, 
306-355 (1980). 
[52] M. Gick and K. Holyoak, "Schema induction and analogical transfer," Cognitive 
Psychology 15, 1-38 (1983). 
[53] S. Lin and C. Singh, "Using isomorphic problems to learn introductory physics," Phys. 
Rev. ST Phys. Ed. Res. 7, 020104 (2011). 
[54] S. Lin and C. Singh, "Using an isomorphic problem pair to learn introductory physics: 
Transferring from a two-step problem to a three-step problem," Phys. Rev. ST Phys. Ed. 
Res. 9, 020114 (2013). 
[55] C. Singh, "Assessing student expertise in introductory physics with isomorphic problems. 
 Effect of some potential factors on problem solving and transfer," Phys. Rev. ST Phys. 
Educ. Res. 4, 010105 (2008). 
[56] S. Lin and C. Singh, "Challenges in using analogies," Phys. Teach. 49, 512 (2011). 
[57] D. Hestenes, M. Wells, and G. Swackhamer, "Force concept inventory," Phys. Teach. 30, 
141-158 (1992). 
[58] R. E. Clark and F. Estes, "Cognitive task analysis," International Journal of Educational 
Research 25, 403-417 (1996). 
[59] S. F. Chipman, J. M. Schraagen, and V. L. Shalin, "Introduction to cognitie task analysis", 
in Cognitive Task Analysis, edited by J. M. Schraagen, S. F. Chipman, and V. J. Shute 
(Lawrence Erlbaum Associates, Mahwah, NJ, 2000), pp. 3-23. 
[60] H. Ginsberg and S. Opper, Piaget's Theory of Intellectual Development. (Prentice Hall, 
Englewood Cliffs, NJ, 1969). 
[61] R. Gorman, Discovering Piaget: A Guide for Teachers. (Merrill, Columbus, OH, 1972). 
[62] L. S. Vygotsky, Mind in society: The development of higher psychological processes. 
(Harvard University Press, Cambridge, MA, 1978). 
 
 
 
